Abstract. In this work we prove improved converse theorems of trigonometric approximation in variable exponent Lebesgue spaces with some Muckenhoupt weights.
Introduction and the main results
In Approximation Theory there are converse estimates of trigonometric approximation determining membership of a function in some smoothness class (for example Lipschitz class) in terms of the rate of approximation. As is well-known the converse inequality
of trigonometric approximation holds on Lebesgue spaces L p (T ), 1 ≤ p < ∞, or C (T ) (of continuous functions on T ) for p = ∞, ( [19] p = ∞, [21] p < ∞) where T := [0, 2π), f ∈ L p (T ), 1 ≤ p ≤ ∞, r, n ∈ N := {1, 2, 3, . . .}, T h f (•) := the class of trigonometric polynomials of degree not greater than n, E n (f ) p := inf f − T p : T ∈ T n and c 1 is a constant depending only on r, p. Later various generalizations and applications of (1.1) were obtained [16, 17, 18, 20] . In 1958 Timan proved [22] that an improvement of (1.1) also holds:
If 1 < p < ∞, f ∈ L p (T ), n, r ∈ N, q = min {2, p} then
where c 2 is a constant depending only on r and p.
It was observed that the value min {2, p} in (1.2) is optimal [23] . See also [4, 9, 10] .
Considering similar problems in weighted function spaces (for example weighted Lebesgue spaces L p ω , weighted variable exponent space, ...) we will need a different moduli of smoothness. Moduli of this type was considered first by Hadjieva [6] in Lebesgue space with Muckenhoupt
In this case defining the modulus
she proved [6] that
where c 3 is a constant depending only on r and p.
For further results [1, 3, 8, 14, 15] . On the other hand inequality (1.3) also has an improvement [14, 15] :
ω , r, n ∈ N , then there is a positive constant c 4 depending only on r and p such that
holds.
Using a weighted fractional moduli of smoothness [1] it was proved [2] that (1.4) holds with r ∈ R + . For weighted variable exponent Lebesgue spaces it was proved [5] that (1.4) holds with r ∈ R + . In the present work we prove that in the right side of (1.4) 2r can be replaced by r (as in nonweighted case) for weighted variable exponent Lebesgue spaces. We note that nonweighted fractional moduli of smoothness in classical Lebesgue spaces was first introduced by Taberski and Butzer in 1977.
We begin with some definitions. Let P be the class of Lebesgue measurable functions p :
2π is a Banach space with the norm 
ω , the class of Lebesgue measurable functions f :
is called weighted Lebesgue spaces with variable exponent and is a Banach space with the norm f p(·),ω := ωf T ,p(·) .
For given p ∈ P the class of weights ω satisfying the condition [7] 
and B is the class of all intervals in T .
The variable exponent p (x) is said to be satisfy Local log-Hölder continuity condition if there is a positive constant c 5 such that
We will denote by P log the class of those p ∈ P satisfying (1.
be Steklov's mean operator. If p ∈ P log , then it was proved in [7] that Hardy
ω . Using these facts and setting x, h ∈ T , 0 ≤ r we define via binomial expansion that
ω , then there exists a positive constant c 6 depending only on r and p such that
For 0 ≤ r now we can define the fractional moduli of smoothness of index r for
where
t f for 0 < r < 1; and [r] denotes the integer part of the real number r.
We have by (
ω , then there exist a positive constant c 7 depending only on r and p such that
. This implies that the set of trigonometric polynomials is dense [11] 
be the Fourier series of f with
provided the right hand side exists, where (ik) α := |k| α e (1/2)πiαsignk as principal value. We will say that a function f ∈ L p(·) ω has fractional derivative of order
α . In this case we will write
,ω becomes a Banach space with the norm
We set
ω . Our main results are
ω , then there exists a positive constant c 8 depending only on r and p such that
Since x γ is convex for γ = min {2, p * } we have
Summing the last inequality with ν = 1, 2, 3, . . . we find
The last inequality signifies that Theorem 1.1 is a refinement of the converse theorem (see [2, 3] ). Furthermore, in some cases, inequalities in Theorem 1.1 gave more precise results: If
As a corollary of Theorem 1.1 we have the following improvements of Marchaud inequality Corollary 1.2. Under the conditions of Theorem 1.1 if r, l ∈ R + , r < l, and 0 < t ≤ 1/2, then there exists a positive constant c 9 depending only on r, l and p such that 
for some α ∈ R + , then f ∈ W α p(·),ω . Furthermore, for n ∈ N there exists a constant c 10 > 0 depending only on α and p such that
Corollary 1.4. Under the conditions of Theorem 1.1 there exists a constant c 11 > 0 depending only on r, α and p such that
for n ∈ N and α, r ∈ R + .
Proofs of Theorems
We need the following [12] Littlewood-Paley type theorem:
Theorem 2.1. Under the conditions of Theorem 1.1 there are constants c 12 , c 13 > 0 depending only on r and p such that
(2.1) where
Lemma 2.2. If p ∈ P log and ω
Proof. Using the Extrapolation Theorem 3.2 of [12] we obtain that Hardy Little-
ω . This implies [7] that ω ∈ A p(·) . Proof of Theorem 1.1. First we note by Lemma 2.2 that under the conditions of Theorem 1.1 the condition ω ∈ A p(·) holds. On the other hand it is well-known that σ r t,h 1 ,h 2 ,...,h [r] f :=
On the other hand from (2.1) we get
We know that [13] 
We estimate δ µ p(·),ω . Since
using Abel's transformation we get
We have
and similarly
Since
r is non decreasing and 1 − sin x x ≤ x for x > 0 we obtain
and therefore
The last inequality implies that
Proof of Theorem 1.3. Let T n be a polynomial of class T n such that E n (f ) p(·),ω = f − T n p(·),ω and we set
For a given ε > 0, by (1.8) there exists η ∈ N such that
On the other hand it is easily seen that
For the positive integers satisfying
and hence if K, N are large enough we obtain from (2.2) Then f (α) = ϕ a.e. Therefore f ∈ W α p(·),ω . We note that
By the fractional Bernstein's inequality we get for 2 m < n < 2 m+1 S 2 m+2 f (α) − S n f 
